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1: Context & Market Practices:
Single-Curve Pricing & Hedging IRD

Pre credit-crunch market practice
for pricing & hedging interest rate derivatives:

B select one finite set of the most convenient (e.g. liquid) vanilla interest rate
Instruments traded in real time on the market with increasing maturities; for
Instance, a very common choice in the EUR market is a combination of
short-term EUR deposit, medium-term Futures on Euribor3M and medium-
long-term swaps on Euribor6M;

B Dbuild one yield curve using the selected instruments plus a set of
bootstrapping rules (e.g. pillars, priorities, interpolation, etc.);

B compute on the same curve forward rates, cashflows, discount factors
and work out the prices by summing up the discounted cashflows;

B compute the delta sensitivity and hedge the resulting delta risk using the
suggested amounts (hedge ratios) of the same set of vanillas.
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1: Context & Market Practices:
Market Evolution

15120 305EPO8 ICAF UKE9380 ICAPEURGBASIS

EUR Basis Swaps (as 2 Swaps) Basis SWwaps as 2 SWaps.
For Further Details Please Call David Shepherd on +44 (0207 532 3530 .
These are indicative mids priced out of a spot starting date 1. EUTZZ)OTSMT VS R/%M

A1l prices are Euribor ws Euribor

For other Forward start 3¥6 Basis Please see <ICAPEUROBASISZ: . 6M
Mys oM Mys M IMvseM  @Mys 1M s i | 2. Buribor6Mp vs Rp
1YR 19.7 24.4 42.9 57,7 e
2YR 12.6 18,9 31.5 34.8 47,4 ‘3M6M __ p3M 6M
3YR 9.6 15.9 25.4 25.5 35.1 3. Basisy = Ry — Ry
4YR 8.0 14.1 22.1 20.7 28.7
5YR 7.0 12.9 19.9 17.8 24.8
6YR 6.3 12.0 18.4 158 222
TVR 5.8 11.4 17.2 14,4 EUR Basis swaps
aYR 5.5 10.8 16.3 134 10 IRV
9YR 5T 10.4 5 12.5 DI
1OYR 4.9 10.0 14.9 11.8 e |
11YR 4.7 9.7 14.4 11.2 e 1o
12YR 4.5 9.4 13.9 10.7_ % e 1o |
15V 4.0 8.9 12.9 9.6 2 70 —
201R 3.6 8.3 11.9 8.4S
25YR 3.3 8.0 11.4 7717 60
30YR 2:1 7.9 11.0 7.8
ICAP Global Index <ICAP: Forthcoming cha &
g 40
: . . . g
Credit crunch and liquidity crisis 2|
since Aug. 2007 have ruled out the 21
. 10 -
standard single-curve market
Ll - - = O T T T T T T T T T T T T T T T
practice of pricing and hedging IRD > %X % 3 5 5 F 5 55535 55k B

INTESA [] SNNPAOLO Two Curves, One Price p. 4



1: Context & Market Practices:
Single-Curve Pricing & Hedging IRD

Post credit-crunch market practice
for pricing & hedging interest rate derivatives:

® Dbuild one discounting curve using the preferred procedure;

B select multiple separated sets of vanilla interest rate instruments traded
In real time on the market with increasing maturities, each set
homogeneous in the underlying rate (typically with 1M, 3M, 6M, 12M
tenors);

® Dbuild multiple forwarding curves using the selected instruments plus
their bootstrapping rules;

B compute on each forwarding curve the forward rates and the
corresponding cashflows relevant for pricing derivatives on the same
underlying;

B compute the corresponding discount factors using the discounting curve
and work out prices by summing up the discounted cashflows;

B compute the delta sensitivity and hedge the resulting delta risk using the
suggested amounts (hedge ratios) of the corresponding set of vanillas.
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2: Double-Curve Framework:
General Assumptions

1. There exist two different interest rate markets M,, x = {d,f} characterized
by the same currency and by two distinct bank accounts B, and yield
curves

Ca: = {T — Px(t07T)7T Z tO}a

2. The usual no arbitrage relation P, (¢,1,) = P, (t,7,) x P, (t,’},T} )
holds in each interest rate market M,.

3. Simple compounded forward rates are defined as usual for {<7,< T,
B (4 1y) 1
Px (t,fz_i) B 1+ Fx (t71—117T2)7_x (tafz_,latz_é)7

Px(tafrlaT2) —

4. FRA pricing under @* forward measure associated to numeraire P, (¢, T} )
)
FRA, (413,13, K) = P, (, 1) 7, (T, ) { B¢ [L, (1, T3)] - K |
— P:B(tatz—é)Tx(ﬂaTQ)[Fx(t7]117T2) o K]7
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2: Double-Curve Framework:
Pricing Procedure

1. assume ([ as the discounting curve and [; as the forwarding curve;
2. calculate any relevant spot/forward rate on the forwarding curve [; as

Pr (8,151 ) — Pr (8, T3)
Fp (T, T;) = - , t< T, <T,
rhn ) = = Ty Py LS e

3. calculate cashflows c, i = 1,...,n, as expectations of the i-th coupon payoff
: . . T;
1m; with respect to the discounting T, - forward measure @),

o oy T
Cz T C(tafz_;,aﬂ-z) _ Et [ﬂ-z]a

4. calculate the price r at time t by discounting each cashflow c; using the
corresponding discount factor P, (t,7;) obtained from the discounting
curve (; and summing up,

r(tT) =Y P(t,T)EX [}
=1
5. Price FRAs as
b,
FRA (4T, T3, K) = Py () 7 (T, ) {BX [Fy (T30, 5)) - K |
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2: Double-Curve Framework:
No Arbitrage Revisited and Basis Adjustment

The main consequence of the previous assumptions is that standard single-
curve no arbitrage relations are broken up:

1 1
P, (t,T1,,15) = .
) R G ) e U5 T+ B (BT ) 7y (LT )

We are thus induced to postulate a generalized double-curve no arbitrage
relation

Pt T, T) = : = :
O I BT L) (BT, R) 1+ F (6T, 5) BAy (61, 1) 7y (41,1 )

or the equivalent transformation rule for forward rates
by (6:1,1y) = Fy (41,15) BAy (413,13 ).

We obtain the following static expression for the (forward) basis adjustment
Fy (51, Ty) _ 7 (D) Py (6,T3) By (4,T7) — By (4,Ty)
Ff(taiz—iaTQ) Td(frlaTQ)Pd(t?T2)Pf(t7Tl)_Pf(tafz_é)
(Forward) basis adjustment can also be defined additively: we have

BAy (6T, Ty) = Fy (6T, Ty) — Fr (610, Ty ) = Fy (61, 1) [ BAy (6T, Ty) — 1]

BAy (4;1,15) =
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2: Double-Curve Framework:
Forward Curves
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Double-Curve Framework
Basis Adjustment Curves
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2: Double-Curve Framework:
Bad Curves
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3: Foreign Currency Analogy:
Forward vs Discount Basis Adjustment

C.uRREuc:»f/cumE.
&
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& ®
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1. Double-curve-double-currency:
d = domestic, f = foreign

Cqg (1) =z (L) (1),
X (6,T) By (8, T) = xpy () Pp (t,T),

2. Double-curve-single-currency:
d = discounting, f = forwarding
T (1) =1,
Py (t,T)
P, (t,T)’
this amounts to a discount basis
adjustment for discount factors.

de (taT) —

Forward vs discount basis adjustment:

Tf (11, T3)

Pd (t7T1)_ Pd (taTQ)

BAy (,1h,15) = Xpg (4,T5)

Ta (T, Ty) Py (8, 1) X gy (6,T1) — Py (8,15) Xpg (8,T5)
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3: Foreign Currency Analogy:
Quanto Adjustment

1. Assume a lognormal martingale dynamic for the (; (foreign) forward rate
dFy (T, Ty)
Fy (411, Ty)
2. since zy (t) Py (t,T)is the price at time t of a (, (domestic) tradable asset,

the forward exchange rate must be a martingale process
Xy (4,Ty)

T S IPEN —
de(t,T2) _O-X(t)dWX (t>7 d Pd(t7T2) Cd7
with AW/ (£)dWy* (1) = pyy () dt;
3. by changing numeraire from (;to (, we obtain the modified dynamic

dFy (4;17,T5) T T
= (t)dt + o (t)dW ;2 (1), 2 P (t,T,) « Oy,
Fy (41, 13) H ! d @ 1 (L) ’

= op (AW (1), QpF < Pr(t,Ty) < C

pr(t) = —oy(t)ox (L) ppx (1);
4. and the modified expectation including the quanto-adjustment

(D)
EXC [Fp (T Ty, Ty)] = Fy (6T1,T3) QA (6T1,04,0x,ppx ),

i
—f Of($>0x (8 ppx (8Ods
t

T
QA (t;Tl,af,aX,pr) = expj; py(8>ds = exp
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4: Pricing & Hedging IRD:
Pricing Plain Vanillas

1. FRA: FRA (11,15, K) = B (t,13) 74 (T}, T3 )

X [Ff(t;T‘laTYZ)QAfd(t71—i70f70X7pr) _ K])

2. Swaps: Swap (T,K) = > Py (,T,) 74 (T, T})
1=1

|y (6T, 1,T;) QA (LT, 1,044,0x.0. ¢ ) — Ki |,

3. Caps/Floors: CF(t;T,K,w) =) Py (,T;)74 (T4, T;)
i=1

XBZ[Ff (tQE—laﬂ)QAfd <t7Ti—1:(7f,iaf7X,z'a:0fX,z' )7Ki7:uf,z'7vf,z'awz' ]7
Bl F, K, p,0,w]=w|F®(wd")— K®(wd™ )],
d* = [m(F/K) + u(t,T) % 02 (t,T)/z]/v(t,T),

T T
_ C2 _ 2
,u(t,T)—j; s> ds; v (t7T)_j; o“ (s ds.
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4: Pricing & Hedging IRD:
Pricing Plain Vanillas
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enters the pricing formulas above.
The standard market practice,

with no quanto adjustment, is

thus not arbitrage free. In practice
the adjustment depends on market
variables not directly quoted on the
market, making virtually impossible
to set up arbitrage positions and
locking today positive gains in the
future.
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4: Pricing & Hedging IRD:

Hedqging

Given any portfolio of interest rate derivatives with price II(¢,T,R™" ),
compute delta risk with respect to both curves ([, and (; :

AT (t,T,R™ ) = A7 (t,T,R]™ ) + AT (t,T, Rj™)
all 8H(t T,R™) aH(t T,R™")

o Z mkt + Z mkt ’
._1 _1

eventually aggregate it on the subset of most liquid market iInstruments
(hedging instruments);

calculate hedge ratios:

Z, [L’,' 9

J aRa?i];t J
mbkt

mkt aﬂ-l’aj (1) r—= f.d

z,] mkt Jo
OR;";
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5: Conclusions

1. We have reviewed the pre and post credit crunch market practices for
pricing & hedging interest rate derivatives;

2. we have formalized the present double-curve framework, showing that
standard single-curve no arbitrage conditions are broken and can be
formally recovered with the introduction of a basis adjustment; numerical
calculations reveals a complex and oscillating micro-term structure,
testing the quality of the bootstrapping procedure (interpolation in
particular), revealing the differences between different interest rate market
areas, and influencing the price of similar interest rate instruments;

3. recurring to the foreign-currency analogy we have computed the no
arbitrage double-curve-single-currency pricing expressions for basic
Interest rate derivatives, including a quanto adjustment, typical of cross
currency derivatives, naturally arising from the change of numeraires
naturally associated to the two yield curves. Numerical scenarios show that
the quanto adjustment can be non negligible, thus making the
standard market practice, in principle, not arbitrage free.
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5: Future work

1. Numerical results for quanto adjustment with more realistic volatilities
and correlation (implied and historical);

2. pricing cross-currency swaps using 5 curves;
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